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Abstract – We re-examine the problem of global localiza-
tion of a robot using a rigorous Bayesian framework based
on the idea of random finite sets. Random sets allow us to
naturally develop a complete model of the underlying prob-
lem accounting for the statistics of missed detections and of
spurious/erroneously detected (potentially unmodeled) fea-
tures along with the statistical models of robot hypothesis
disappearance and appearance. In addition, no explicit data
association is required which alleviates one of the more diffi-
cult sub-problems. Following the derivation of the Bayesian
solution, we outline its first-order statistical moment approx-
imation, the so called probability hypothesis density filter.
We present a statistical estimation algorithm for the num-
ber of potential robot hypotheses consistent with the accu-
mulated evidence and we show how such an estimate can
be used to aid in re-localization of kidnapped robots. We
discuss the advantages of the random set approach and ex-
amine a number of illustrative simulations.

Keywords: Robot localization; multiple-hypothesis local-
ization; PHD filtering; random-set-based localization.

1 Introduction
The general approach to global localization (when not us-

ing GPS or artificial beacons such as bar codes and transpon-
ders) is to compare information (or features) extracted from
sensor readings with an a priori map associated with the
global reference frame. Each comparison carries some ev-
idence about where the robot may be, and the challenge is
then, as efficiently as possible, to find the correct pose, or a
number of poses, that are in some statistical sense the most
consistent with the accumulated evidence.

The approach proposed in this work most closely resem-
bles the multiple hypothesis localization algorithms such
as [1–3]. For brevity, we must point to the literature [4] for
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information on the other common approaches; most notably
the Monte-Carlo (particle-filter type) algorithms [5, 6].

In the multiple-hypothesis technique [1–3], a set of Gaus-
sians is used to represent individual pose hypotheses. The
advantage of this is that a standard Kalman based pose
tracking module can be used to independently update each
hypothesis in a simple scheme commonly known as mul-
tiple hypothesis tracking (MHT). A further advantage of
using a set of Gaussians is that it enables us to explic-
itly reason about each hypothesis whereas a particle filter,
or a position probability grid, in principle requires you to
process a much larger number of particles/cells (and their
weights/probabilities). This is computationally challenging
and is often circumvented by performing thresholding on the
probabilities or clustering to form fewer hypotheses. Further
advantages of the MHT-based approaches is found in [2].

A disadvantage of the multi-hypothesis techniques is
that they inherently don’t solve some of the most diffi-
cult problems related to localization (albeit they do with
external algorithm components). In particular, the data-
association problem and the problem of estimating (in an
integrated/optimal fashion) a meaningful statistic regarding
the number of poses consistent with the accumulated ev-
idence and system models are not inherent. The second
problem is often not studied explicitly in most localiza-
tion algorithms1 but plays an important role in the local-
ization performance when false positive feature detections
occur and/or more general measurement/system models are
considered (such as in this paper). In such cases, the for-
mer data-association problem is further complicated and so-
called clutter-rejection must be incorporated.

Furthermore, the standard vector-based stochastic differ-
ential (or difference) equation framework is arguably not a
natural formulation for the multi-hypothesis tracking prob-
lem. Instead, in this paper we will explicitly exploit the
framework of random finite sets (RFS - a term made precise
later) and stochastic point processes [7]. A theoretically op-

1Some algorithms can potentially provide an ad-hoc estimate on the
number of consistent robot poses, e.g. by counting particle clusters or hy-
potheses above some weight. However, the framework discussed in this
paper provides such an estimate inherently and, in particular, it provides an
estimate of the mathematically expected number of hypotheses consistent
with the data.



timal, Bayesian filtering, framework can then be formulated
using the concept of finite set statistics (FISST) [8].

For computational reasons, Mahler [9] proposed a first-
oder moment approximation to the full Bayesian solution
and termed the first-moment, the probability hypothesis den-
sity (PHD). A generic sequential Monte Carlo implementa-
tion [10–12] has been proposed and accompanied by con-
vergence results [12–14]. Alternatively, an analytic solu-
tion to the PHD recursion was presented in [15] for prob-
lems involving linear Gaussian target dynamics, a Gaussian
birth model and linear Gaussian (partial) observations. It is
shown in [15] that when the initial prior intensity is a Gaus-
sian mixture, the posterior intensity at any subsequent time
step is also a Gaussian mixture. Furthermore, the Gaussian-
mixture PHD recursions can approximate the true posterior
intensity to any desired degree of accuracy [16].

See [7,8,11] for a comprehensive background on random
finite set-based estimation and the PHD filter.

1.1 Contribution
The PHD filter has primarily been examined in the context

of target tracking (with various sensors etc) [7]. However, a
recent paper [17] has examined the performance of the PHD
filter in solving the simultaneous localization and mapping
(SLAM) problem. The PHD filter-based SLAM implemen-
tation [17] was shown to outperform the base implementa-
tion of FastSLAM in a number of adverse environments. In
this paper, we re-examine the problem of global robot local-
ization using a rigorous Bayesian framework based on the
concept of random finite sets and the PHD filter.

Random sets allow us to naturally develop a com-
plete model of the underlying problem accounting for the
statistics of missed detections and the statistics of spuri-
ous/erroneously detected (potentially unmodeled) features.
In addition we incorporate the statistical models of robot
hypothesis disappearance (death) and appearance (typically
after kidnapping or error). No explicit data association
is required which alleviates one of the more difficult sub-
problems. Following the derivation of a complete and inte-
grated Bayesian solution, we outline its first-order statistical
moment approximation, i.e. the probability hypothesis den-
sity filter. We present a statistical estimation algorithm for
the expected number of potential robot hypotheses consis-
tent with the accumulated evidence and we show how such
an estimate can be used to aid in re-localization of kidnapped
robots. We then discuss the advantages of the random set
approach and examine a number of illustrative examples.

Our technique’s ability to handle missed detections, false
alarms (false feature detections) and to associate an entire
set of measurement hypotheses to a set of robot pose hy-
potheses within an integrated framework is significant. The
stochastic vector realizations of robot localization (including
the traditional multiple hypothesis techniques [1–4]) have to
deal with such problems explicitly and outside any Bayes
optimal (or approximated) filter. To the best of the authors’
knowledge, this paper presents the first complete Bayesian
localization solution involving the concept of random finite

sets and details the first implementation of the PHD filter for
global robot localization.

2 Conceptual Model
The idea behind the set-based, multiple hypothesis gener-

ation and tracking technique presented in this paper is illus-
trated in Figure 1.

Figure 1: Multiple robot hypotheses are generated by a sin-
gle measurement of some features in the environment given
a priori knowledge that such features appear in a number of
places in the global map.

In this illustration we see a situation where the true po-
sition of the robot is given by the solid square in the mid-
dle of the room in the figure. A door is detected in front
and slightly to the right of the robot. Matching this feature
to the map, consisting of four doors in one room, results
in eight potential robot poses. These eight poses give rise
to eight hypotheses regarding the pose of the robot. In the
formulation outlined in this work, each hypothesis gener-
ated by a single feature detection is input to the estimation
algorithm as an additional measurement. The grouping of
such measurement hypotheses are modeled as random sets.
In addition, the state of the robot’s knowledge is modeled
as a random set of robot pose hypotheses. The idea is that
by making more observations of features in the environment
and matching these to the existing robot pose hypotheses,
those pose hypotheses which are not supported by the mea-
surement set, i.e. the measurement hypotheses, can be elim-
inated (in a manner to be made precise) from the robot pose
state set.

2.1 The Robot Set State Model
The true pose of a single robot is represented by the ran-

dom variable Rt measured on the space E ⊆ R
nr with re-

alization rt. The number of robot pose hypotheses is time-
varying and given by Nt at time t. We denote the individual
pose hypotheses by Xi

t. The set of state pose hypotheses at
time t is denoted by Xt.

The true state of a single robot is assumed to obey

Rt = ψt (rt−1) + Wt (1)

where the input {Wt} is a sequence of independent Gaus-
sian random variables that account for control input errors



and unmodeled dynamics etc. More general, non-Gaussian,
error inputs can be accommodated in the general framework
outlined in this paper.

Note that the transition density for the individual robot
hypotheses Xi

t ∈ Xt is now given by

f i
t|t−1(x

i
t|xi

t−1) = N (xi
t; ψt

(
xi

t−1

)
,Σt) (2)

where N (·; m,P) denotes a Gaussian density function with
mean m and covariance P and Σt is the covariance of Wt.

The state set transition model in this paper incorporates
statistical models of hypothesis appearance (birth) and hy-
pothesis disappearance (death). New hypotheses might ap-
pear when the robot is kidnapped or in the case of localiza-
tion error.

The probability that any hypothesis i continues to exist at
time t given that it exists at t − 1 is given by the survival
probability pi

S . Now it follows that

Xt =

⎡
⎣ ⋃

Xi
t−1∈Xt−1

St|t−1(Xi
t−1)

⎤
⎦ ∪ btBt (3)

where bt ∈ {0, 1} and btBt is defined to be Bt when bt = 1
or ∅ when bt = 0. Also,

St|t−1(Xi
t−1) =

{
Xi

t ∩ E with probability pi
S

∅ with probability 1 − pi
S

(4)

where the evolution of Xi
t−1 follows (2). If we neglect Bt,

then it is clear that we are modeling the motion and death
of a number of robot hypotheses in (3). That is, if bt =
0 then our set transition model accounts only for random
hypothesis disappearance.

The input bt ∈ {0, 1} acts as a kidnapped robot switch
which is set to 1 based on the outcome of kidnapped robot
test outlined later in the paper. If bt = 1 then we permit
a statistical model of the new hypotheses, i.e. the possible
locations of the kidnapped robot. The new hypotheses born
at time t are characterized by a Poisson random finite set Bt

with intensity

βt =
Jβ

t∑
i=1

w
(β,i)
t N (x; m(β,i)

t ,P(β,i)
t ) (5)

which can approximate any arbitrary intensity function as
closely as desired in the sense of the L1 error [18]. The test
for switching bt ∈ {0, 1} will be detailed later in the paper.

Using finite set statistics (FISST), we can find an explicit
expression for the random set state transition density2. Now
the multiple-hypothesis transition density ft|t−1(Xt|Xt−1)
under the model (3) and with bt = 1 is given by

ft|t−1(Xt|Xt−1) =
∏

x∈Xt

βt ·
∏

xi
t∈Xt−1

(1 − pi
S) ·

e
−

(∑ J
β
t

i=1 w
(β,i)
t

)
·
∑

θ

∏
i:θ(i)>0

pi
Sft|t−1(x

θ(i)
t |xi

t−1)
βt(1 − pi

S)
(6)

2In the case of random finite sets we make no distinction between the
random sets and their realizations.

and with bt = 0 it is given by

ft|t−1(Xt|Xt−1) =
∏

xi
t∈Xt−1

(1 − pi
S) ·

∑
θ

∏
i:θ(i)>0

pi
Sft|t−1(x

θ(i)
t |xi

t−1)
βt(1 − pi

S)
(7)

where the summation is taken over all associations θ :
{1, . . . , Nt−1} → {1, . . . , Nt}; see [7]. To the best of
our knowledge, this is the first complete set-based transition
density function proposed for global robot localization.

2.2 The Measurement Set Model
We consider ns information sources, e.g. sensors on the

robot. Each information source j generates an output

Z(j,i)
t = ζj

t

(
rt,Fφj(i)

)
+ Vj

t , for i = 1, . . . ,M j
t (8)

in the observation space M ⊆ R
nzj where typically nzj

≤
nr. Note that certain measurement spaces, such as bear-
ing measurements, can be approximated by subspaces of the
real line. The input Fφ(i) ∈ G is some feature in the global

environment model G and M j
t is the number of measure-

ment hypotheses generated by the jth source given the true
robot pose rt and G. The function φj : {1, . . . ,M j

t } →
{1, . . . ,number of features} relates the index of the gen-
erated measurement hypotheses to the set of features in the
global model G3. The input {Vj

t} is a sequence of indepen-
dent Gaussian random variables. Of course, more general
noise models can also be considered in this framework.

The measurement likelihood function is

g
(j,i)
t (z(j,i)

t |rt,Fφj(i)) = N (z(j,i)
t ; ζj

t

(
rt,Fφj(i)

)
,Λj

t ) (9)

where Λj
t is the covariance of Vj

t .
The considered measurement model incorporates mea-

surements of the true robot pose (or nonlinear functions of
such) and false measurement hypotheses generated by am-
biguities (e.g. multiple occurrences of particular features) in
the environment. In addition, we account for spurious false
(clutter) measurements which are caused by false detections
(e.g. of unmodeled features in the environment or simply
detection/recognition errors). Finally, we also consider the
possibility of missed measurements.

The probability that some modeled feature Fφj(i) is ac-
tually detected by sensor j is given by the detection prob-
ability pj

D, i.e. the probability of missing a measurement
is 1 − pj

D. Spurious false (clutter) measurements at sensor
j are approximated by a Poisson random finite set Cj

t with
intensity

κj
t = γj

tU(G) (10)

3For example, the robot might, using sensor j, measure the bearing to
some detected feature, e.g. a door, in the environment. This single mea-
surement constrains the robot position to a number of rays associated with
this and similar features, e.g. other doors, in the environment. Each con-
straint is treated as a measurement hypothesis and the total number of such
hypotheses is Mj

t .



where U(G) denotes a uniform density function over the en-
vironment. The clutter corresponds to the spurious set of
measurement hypotheses generated by erroneous detections
or the detection of features not in the environment model.
The detection probability pj

D can be a function of the envi-
ronment model G and the true robot pose. Thus, we can use
pj

D to model the sensor geometry etc [19].
Now it follows that the set of measurement hypotheses at

sensor j is given by

Zj
t =

⎡
⎣ ⋃

i=1,...,hj

Dt(Rt,Fφj(i))

⎤
⎦ ∪ Cj

t (11)

where

Dt(Rt,Fφj(i)) =

{
{Z(j,i)

t }hj

i=1 with prob. pj
D

∅ with prob. 1 − pj
D

(12)

and where Z(j,i)
t is modeled by (8) and (9) with g(j,i)

t . Now
the entire set of evidence at time t is given by

Zt =
ns⋃
i=1

{Zi
t, i} (13)

where the union is disjoint and Mt =
∑ns

i=1M
i
t . The mea-

surement likelihood function corresponding to the single-
sensor model (11) is given by

gj
t (Z

j
t |Xt) = e−γt ·

∏
z∈Zj

t

κt ·
∏
z∈Zj

t

(1 − pD) ·

∑
θj

∏
i:θj(i)>0

pDgt(zt(θj(i))|xi
t)

κt(1 − pD)
(14)

where the summation is taken over all associations θj :
{1, . . . , Nt} → {1, . . . ,M j

t } and where zt(θj(i)) is an el-
ement in Zj

t marked by the function θj ; see [7]. The multi-
sensor likelihood function gt(Zt|Xt) is then given by

gt(Zt|Xt) =
ns∏

j=1

gj
t (Z

j
t |Xt) (15)

under the assumptions adopted in (11). To the best of the au-
thor’s knowledge, this measurement model is the most gen-
eral considered in the literature on global robot localization.

3 A General Bayesian Localization
Algorithm

The aim of global localization is to use the measured data
Zt and some dynamical constraint on the random robot pose
Rt to estimate the set Xt of potential robot positions in
the environment. If |Xt| = 1 then the robot is said to be
uniquely localized and it is of course the hope that in such
cases X1

t ≈ Rt for the single estimate X1
t ∈ Xt. The notion

of a “set” of information points Zt and a “set” of hypothe-
ses Xt is critical as it allows us to side-step the problem of

associating measurement points to a priori hypotheses in ad-
dition to other bookkeeping localization tasks.

Let pt(Xt|Z1:t) denote the multiple hypothesis posterior
density. Then, the optimal Bayes localization filter propa-
gates the posterior in time via the recursion

pt|t−1(Xt|Z1:t−1) =∫
ft|t−1(Xt|X)pt−1(X|Z1:t−1) μS(dX) (16)

pt(Xt|Z1:t) =
gt(Zt|Xt)pt|t−1(Xt|Z1:t−1)∫

gt(Zt|Xt)pt|t−1(Xt|Z1:t−1) μS(dX)
(17)

where μS is an appropriate reference measure on the collec-
tion of finite sets of E . FISST is the first systematic approach
to multi-object filtering that uses random finite sets in the
Bayesian framework presented above [7, 15]. The general
recursive Bayesian filter based on density functions defined
for random finite set models suffers from a severe compu-
tational requirement and only a few implementations have
been studied (using Monte-Carlo methods and for the prob-
lem of multi-sensor/multi-target tracking) [7, 11, 20, 21].

4 A First-Order Moment Approxi-
mation: The PHD Filter

The probability hypothesis density filter is an approxi-
mation developed to alleviate the computational intractabil-
ity of the general Bayes filter. The PHD filter propagates
the posterior intensity, a first-order statistical moment of the
posterior state.

Assumption 1. The predicted multi-target random finite set
governed by pt|t−1 is Poisson.

For a random finite set X on E with probability distribu-
tion P, its first-order moment is a non-negative function v
on E , called the intensity, such that for each region A ⊆ E∫

|X ∩ A| P(dX) =
∫
A
v(x) dx (18)

where

E[N ] =
∫
E
v(x) dx (19)

and E[N ] denotes the expected number of elements in X.
The local maxima of v are points in X with the highest local
concentration of expected number of elements, and hence
can be used to generate estimates for the elements of X.

Let vt and vt|t−1 denote the intensities associated with the
multiple target posterior density pt and the multiple target
predicted density pt|t−1. The posterior intensity is vt(x) =
vns

t (x) where

vk
t (x) = (1 − pk

D)vk−1
t (x) +∑

z∈Zk
t

pk
Dg

(k,′)
t (z|x)vk−1

t (x)

κk
t + pk

D

∫
g
(k,′)
t (z|x′)vk−1

t (x′) dx′
(20)



and v0
t (x) = vt|t−1(x). The PHD predictor is given by

vt|t−1(x) = btβt + p′S

∫
ft|t−1(x|x′)vt−1(x′) dx′ (21)

Following [7] we note that the PHD filter (similarly to the
full recursive multi-target Bayesian estimator), admits ex-
plicit statistical models for missed detections, false alarms
and the geometry of the sensor’s field of view. In addition,
the PHD filter admits explicit statistical models of robot hy-
pothesis disappearance (death) and appearance (due to, for
example, kidnapping). In addition, at every step the PHD fil-
ter computes an estimate of the number of robot hypotheses
consistent with the data up until this step.

The last property aids in clutter-rejection and will be used
to derive a probabilistically justified test for kidnapping.

5 Multi-Sensor and Multi-Hypothesis
Gaussian-Sum PHD Filter

In this section we present an implementation of the PHD
filer based on a mixture of Gaussians algorithm.

We firstly suppose that each hypothesis is constrained by
a linear model of the form

Xi
t = Φtxi

t−1 + Wt (22)

Also, the output of information source (sensor) j obeys

Z(j,i)
t = Γj

trt + Vj
t (23)

In addition, we make a reasonable assumption that the sur-
vival probability pi

S is independent of the individual state
hypothesis, i.e. pi

S = pS . Under the above assumptions the
following Gaussian-Mixture PHD filter (GM-PHD) is an ex-
act implementation of the conceptual PHD filter.

Proposition 1 ( [15]). Suppose the modeling assumptions
presented hold and that the posterior intensity at time t− 1
is a Gaussian mixture of the form

vt−1(x) =
Jt−1∑
i=1

wi
t−1N (x; mi

t−1,P
i
t−1) (24)

Then, the predicted intensity at time t is given by

vt|t−1(x) = βt +pS

Jt−1∑
i=1

wi
t−1N (x; mi

t|t−1,P
i
t|t−1) (25)

where
mi

t|t−1 = Φtmi
t−1 (26)

Pi
t|t−1 = Σt + ΦtPi

t−1Φ
�
t (27)

and is also a Gaussian mixture.

Proposition 2 (Adapted from [15]). Suppose the modeling
assumptions presented hold and that the predicted intensity
at time t is a Gaussian mixture of the form

vt|t−1(x) =
Jt|t−1∑
i=1

wi
t|t−1N (x; mi

t|t−1,P
i
t|t−1) (28)

Then, the posterior intensity at t is vt(x) = vns
t (x) where

vk
t (x) = (1 − pD)vk−1

t (x) +

∑
z∈Zk

t

Jt|t−1∑
i=1

w
(i,k)
t|t (z)N (x; m(i,k)

t|t (z),P(i,k)
t|t ) (29)

=
Jk

t∑
i=1

w
(i,k)
t N (x; m(i,k)

t ,P(i,k)
t ) (30)

and v0
t (x) = vt|t−1(x) and where

w
(i,k)
t|t (z) =

pDw
(i,k−1)
t q

(i,k)
t (z)

κt + pD

∑Jk
t|t−1

�=1 w
(�,k−1)
t q

(�,k)
t (z)

(31)

q
(i,k)
t (z) = N (z;Γtm

(i,k−1)
t ,Λt + ΓtP

(i,k−1)
t Γ�

t )

mi
t|t(z) = m(i,k−1)

t + K(i,k)
t (z − Γtm

(i,k−1)
t ) (32)

K(i,k)
t = P(i,k−1)

t Γ�
t (Λt + ΓtP

(i,k−1)
t Γ�

t )−1

Pi
t|t = (I − K(i,k)

t Γt)P
(i,k−1)
t (33)

and vt(x) is also a Gaussian mixture.

The preceding propositions show how the Gaussian com-
ponents of the posterior intensity are analytically propagated
in time (for the linear Gaussian measurement and hypothesis
dynamic model4) [15].

5.1 Accounting for Nonlinear Models
Instead of (22) and (23) we know each state pose hypoth-

esis Xi
t ∈ Xt is constrained by the transition density

f i
t|t−1(x

i
t|xi

t−1) = N (xi
t; ψt

(
xi

t−1

)
,Σt) (34)

and each measurement hypothesis likelihood function is

g
(j,i)
t (z(j,i)

t |rt,Fφj(i)) = N (z(j,i)
t ; ζj

t

(
rt,Fφj(i)

)
,Λj

t ) (35)

It then follows that the transition density for the individual
hypotheses is now approximately given by

f i
t|t−1(x

i
t|xi

t−1) = N (xi
t; Φtxi

t−1,Σt) (36)

where Σt is the covariance Wt and now

Φt =
∂ψt (xt−1)
∂xt−1

∣∣∣∣
xt−1=mi

t−1

(37)

In addition, the measurement likelihood functions can be ap-
proximated by

gj
t (z

j
t |xt) = N (zj

t ; Γj
txt,Λ

j
t ) (38)

where

Γj
t =

∂ζj
t (xt,0)
∂xt

∣∣∣∣∣
xt=mi

t|t−1

(39)

Now plugging the Jacobians Φj
t and Γj

t into the previously
outlined GM-PHD filter (covariance formulas) leads to an
approximation in the spirit of the extended Kalman filter5.

4In order to be computationally feasible the authors of [15] proposed a
simple pruning and merging strategy.

5In [15] an unscented extension of the GM-PHD filter is also outlined
in a similar manner.



5.2 The Expected Number of Hypotheses
The predicted number of hypotheses is given by

E[Nt|t−1] = pSE[Nt] + bt

Jβ
t∑

i=1

w
(β,i)
t (40)

while the updated, expected, number of hypotheses is given
by E[Nt] = E[Nns

t ] where

E[Nk
t ] = (1 − pk

D)E[Nk−1
t ] +

∑
z∈Zk

t

Jt|t−1∑
i=1

w
(i,k)
t|t (z) (41)

and E[N0
t ] = E[Nt|t−1]. Note that while some other ap-

proaches can potentially provide an estimate on the number
of consistent robot poses, e.g. by counting particle clusters
or hypotheses above some weight, the PHD framework in-
herently provides a statistically relevant estimate of the ex-
pected number of hypotheses consistent with the data.

6 Recovery from Localization Error
and Kidnapping

The kidnapped robot switch bt ∈ {0, 1} allows us to
switch a statistical model of new hypothesis appearance into
the state hypothesis set transition model when we suspect
the need to permit new hypotheses. The switch is given by

bt =
{

0 if E[Nt] ≥ τk
1 if E[Nt] < τk

(42)

where τk << 1 is a kidnapping threshold on the expected
number of state pose hypotheses. The idea behind the kid-
napping switch is that if the expected number of hypotheses
falls below some threshold (typically << 1) then the robot
has either been kidnapped or the localization algorithm has
encountered an error. In either case, we are justified in sus-
pecting that the new hypotheses are required (assuming we
know that the true robot is still located in the environment).

The spatial distribution of the Poisson random finite birth
set Bt is a sum of Gaussian components βt and can be tai-
lored to account for any a priori information available or can
be used to approximate a uniform density over the environ-
ment model (as closely as desired [18]).

7 Experiments
We evaluated the localization algorithm using both simu-

lated and real feature measurements6. In both cases, we use
a real robot trajectory7. The floor plan with corner and door
features is shown in Figure 2.

6The experiments conducted were designed to highlight a number ad-
vantages of the PHD filter framework such as providing an estimate on the
expected number of robot poses and kidnap detection using real data.

7The robot employed in the experiments is a Pioneer P3X.
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Figure 2: The floorplan at the Center for Autonomous Sys-
tems (CAS) at KTH with corner and door features high-
lighted. Two real robot trajectories are shown with start po-
sitions (S1 and S2) and end positions (E1 and E2).

7.1 Example 1
As previously stated, one particular advantage of the PHD

framework is the inherent estimation of the number of robot
poses consistent with the accumulated evidence and the sys-
tem models. Firstly, we illustrate this behavior for a robot
traveling along the first trajectory (S1→E1) shown in Fig-
ure 2 with real door features extracted as in [2]. In this case,
we would expect that the expected number of hypotheses
should not approach one for some time due to the symmetry
in the features. The sequence of localization is illustrated in
Figure 3 and verifies our expectations.

The estimated expected number of hypotheses for an in-
dividual run is depicted in Figure 4 along with the maximum
Gaussian component weight scaled by this expected value.

From Figure 3 and 4 we see that the robot is uniquely
localized just prior to E1 (where the expected number of
hypotheses goes to ≈ 1). We purposefully used only sparse
door features to create a symmetry along trajectory 1.

7.2 Example 2
In this example we highlight the re-localization capabil-

ities of the proposed algorithm. The robot initially travels
along trajectory 2 and detects only door features. At posi-
tion E2 the robot is then kidnapped and placed at position
S1. We expect to see the expected number of hypotheses
drop to zero and the re-localization sequence should be ini-
tiated. The estimation of the expected number of hypotheses
is shown in Figure 5 and verifies our expectations.

The robot is uniquely localized relatively early during the
transversal of trajectory 2 (as clearly seen in Figure 5). This
is because of the relatively little symmetry in the lower half
of the environment model. Then following the kidnapping,
we see the re-localization sequence proceed similarly to the
initial localization sequence examined in Example 1. The
robot is then uniquely re-localized just prior to E1.
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Figure 3: The expected number of hypotheses displayed in
the title is rounded to the nearest integer value. The number
of displayed hypotheses is the number of Gaussian compo-
nents with a weight above 0.5. The time step between itera-
tions is 100ms. The bearings to the measured features in the
map are drawn at the true robot pose.
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Figure 4: The expected number of hypotheses is displayed
on the left for the duration of the experiment. The maximum
Gaussian component weight scaled by the expected number
of hypotheses is shown on the scale on the right.

We used only doors again in this example to highlight
that the algorithm works on real data and to highlight again
the estimation of the expected number of hypotheses (which
should be greater than one initially and immediately follow-
ing the first feature detection after the kidnapping detection).
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The robot is kidnapped and
the expected number of
hypotheses drops to zero.

After the robot is kidnapped
the re−localization sequence
follows closely the localization

sequence depicted in Example 1

Figure 5: The expected number of hypotheses is displayed
on the scale on the left. The maximum Gaussian compo-
nent weight scaled by the expected number of hypotheses
is shown on the scale on the right. The robot is kidnapped
around iteration 940 from position E2 and placed at S1.

7.3 Example 3
This example is similar to Example 2 except we now use

simulated door and corner features. We expect the robot
to be localized much quicker (both initially and following
kidnapping) as a result of the reduced symmetry.
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Robot Kidnapped 
from E2 to S1

The Robot is Quickly
Re−Localized

Figure 6: The expected number of hypotheses is displayed
on the scale on the left. The maximum Gaussian compo-
nent weight scaled by the expected number of hypotheses is
shown on the scale on the right. The robot is kidnapped at
some point from position E2 and placed at position S1.

Note that following re-localization, the robot follows the
remainder of trajectory 1 as in the previous example (ex-
cept the number of hypotheses is fewer (indeed the robot is
uniquely localized) as a result of the extra corner features).

The speed at which we can detect a localization error (or
robot kidnapping) depends on the chosen model parameters.
We can trade robustness due to missed/false detections for
an increased speed of error recovery (kidnapped detection).
This trade off is inherent since in a single iteration, for ex-



ample, a kidnapped robot and a robot missing some true de-
tections while simultaneously detecting some false positives
are indistinguishable.

8 Conclusion
The problem of robot localization is certainly not

new. However, a true recursive Bayesian solution which
eliminates the data-association problem and incorporates
missed/false positive detections and hypothesis birth and
death etc has not been examined previously in the context
of random finite sets. We have outlined the first-order mo-
ment approximation of the integrated Bayesian solution (i.e.
the PHD filter) for a general class of localization problems.
The algorithm provided in this paper is based on rigorous
statistical analysis of random finite sets and accommodates
a very general measurement and robot motion model in an
integrated framework. We have presented experimental re-
sults using both real and simulated data to illustrate some of
the fundamental advantages of the integrated approach.
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